Abstract-Appropriate channel modeling plays an important role in the design and analysis of various transmission and reception schemes over composite fading channels. The generalized-K (Gamma-Gamma) composite fading model has been used recently to model composite fading in wireless channels as an alternative to the less tractable lognormal-based models. In this paper, the expression of the amount of fading for the sum of correlated generalized-K random variables is derived and then the moment matching method is used to approximate, in the lower tail region, the probability density function of the sum of identically distributed generalized-K random variables with positively and equally correlated shadowing components by the familiar Gamma distribution. Furthermore, the obtained expressions of the amount of fading give insights into the effect of shadowing correlations on the performance of maximal ratio combining receivers in coordinated multi-point transmission and reception schemes in future wireless systems.
I. INTRODUCTION
The emergence of distributed antenna systems (DASs) and multi-hop relay networks has motivated revisiting the modeling of composite fading channels, since the design and analysis of such systems require developing appropriate and yet tractable models. In the past, the joint large-scale and small-scale fading performance analysis has been conducted using the lognormal-based composite fading models. Recently a more tractable model, the generalized-K model, has received interest [1] [2] [3] [4] since it has led to a closed-form expression for the instantaneous power probability density function (PDF) in shadowed Nakagami fading channels.
The sum distribution statistics are essential for the performance analysis of diversity schemes; however, further derivations on the distribution of the sum of generalized-K random variables (RVs) have shown to be involved even for the independent and identically distributed (i.i.d.) case [5] , and up the knowledge of the authors, no results have been reported so far for the correlated case (one exception is the simple special case mentioned in [6] where the shadowing components are assumed to be fully correlated, similar to previous formulation for the lognormal-based model [7] ). So, it is of interest to develop closed-form approximations for the distribution of the sum of correlated generalized-K RVs. The relevance of this problem stems from the fact that the shadowing components are expected to be correlated across the geographically distributed ports in DASs, base stations (BSs) in a multi-cell processing cellular system, or cooperating nodes in a multihop network. The shadowing components have a larger de-correlation distance in comparison to the multipath components since shadowing is caused by terrain configuration and/or large obstacles between the transmitter and receiver [8] .
In this paper, first, the expression of the correlation coefficient between two generalized-K RVs is derived in terms of the correlations coefficients between their multipath components and their shadowing components; then subsequent expressions of the amount of fading (AF) for the sum of correlated generalized-K RVs are developed. Secondly, it is shown that the distribution of the sum of a moderate number of identically distributed generalized-K RVs with positively and equally correlated shadowing components can be closely approximated region-wise by a Gamma PDF using an adjustable form of the expressions obtained by moment matching method. The obtained AF expressions can be used, utilizing the relations developed in [9] [10] between AF and other performance metrics, to study the effect of shadowing correlations on those metrics. Using the approximate Gamma PDF, the performance analysis of maximal ratio combining (MRC) schemes and the computation of the probability of outage, the outage capacity, and the ergodic capacity of DASs and multi-hop relay networks, can be carried out. Moreover, the diversity gain can be predicted as the AF of the approximating Gamma model [11] .
II. THE GENERALIZED-K MODEL The Nakagami-m distribution is widely used to model the multipath fading statistics due to its applicability in different propagation environments. The PDF of the instantaneous power in a Nakagami multipath fading channel, conditioned on the local mean power Ω, follows a Gamma PDF as
978-1-4244-6404-3/10/$26.00 ©2010 IEEE Although the variations in the local mean power are usually modeled by the lognormal distribution, the Gamma distribution was suggested in [1] [2] 12] as a more tractable model that closely approximates the lognormal model for the relevant shadowing severity in wireless channels [3] p Ω (y) = (
Based on the assumption that the fading and shadowing processes are independent due to the fact that the two phenomena are due to independent propagation mechanisms, the PDF of the instantaneous power γ in a composite fading channel can be expressed, using the generalized-K (Gamma-Gamma) model, as [1] and Ω 0 is the average power. The parameters m m and m s quantify the severity of multipath fading and shadowing in the sense that the severity of multipath fading and shadowing are inversely proportional to the values of m m and m s , respectively 1 . Remark 1: In fact, the distribution of the product of M independent Gamma RVs, where the generalized-K PDF corresponds to the case M=2, was derived in [13] in terms of the Meijer's function. Hence, the corresponding cumulative distribution function (CDF) and the characteristic function can also be expressed in terms of the Meijer's function.
Definition [14] : The amount of fading (AF) of the instantaneous power γ is defined as the ratio of the variance to the square of the mean
where E(·) and var(·) denote the expectation and the variance of γ, respectively. The mean and the variance of a generalized-K RV can be expressed as [4] 
Now, using (5) and (6), the AF of γ for the generalized-K composite fading model can be expressed as
III. THE AF FOR THE SUM OF CORRELATED GENERALIZED-K RVS
The sum of N correlated generalized-K RVs can be written, using the fact that each generalized-K RV is the product of two Gamma RVs, as
where z i and w i denote the multipath fading and shadowing RVs, respectively. In general, the multipath components and the shadowing components are independent, but correlations among the z , i s and among the w , i s may exist in physical scenarios as discussed before.
In order to derive the expression of the AF for the sum of correlated generalized-K RVs, first we need to develop the expression of the correlation coefficient between two generalized-K RVs in terms of the correlation coefficients between their multipath and shadowing components. The relevance of revealing the individual roles of the multipath correlations and the shadowing correlations is motivated by the fact that these correlations take place at two different spatial scales as discussed before.
Lemma 1: The correlation coefficient between two identically distributed generalized-K RVs, ρ i,j , can be expressed in terms of the correlation coefficient between their multipath components (ρ zi,zj ) and the correlation coefficient between their shadowing components (ρ wi,wj ) as
Proof: Let us consider any two RVs of the summand in (8) as ξ i = z i w i , and ξ j = z j w j ; ∀ i, j = 1, .., N ; then, we may write the correlation coefficient between the ith and the jth generalized-K RVs ρ i,j as
Since the multipath components are independent from the shadowing components, the term E[z i w i z j w j ] can be expressed as
Substituting (11) in (10), and using
Now, using the interpretation of the generalized-K composite fading RV as a multiplication of two Gamma RVs where the mean of the one corresponding to multipath fading is unity and the mean of the one corresponding to the shadowing is Ω 0 , we may write;
With the substitutions, (12) becomes
(13) The expression in (13) simplifies to the one in (9) for the identically distributed case.
Lemma 2: The AF for the sum of identically distributed and equally correlated (i.d.e.c.) N generalized-K RVs can be expressed as
where ρ m = ρ zi,zj and ρ s = ρ wi,wj ∀i, j = 1, ..., N .
Proof:
The AF for the sum of N correlated generalized-K RVs can be expressed as 
where AF 0 denotes the AF of each of the individual summands as given in (7). Now, using Lemma 1, we may substitute (9) in (16) to get (14) .
The results in Lemmas 1 and 2 have several interesting implications. First, the expression in (9) quantifies the individual role of the multipath correlation and the shadowing correlation in the overall correlation between the compositely faded signals, and consequently, in the expression of the AF for the sum of N i.d.e.c. generalized-K RVs. Secondly, the result in (14) indicates the existence of a non-vanishing part of AF ξ1 with respect to increasing N, in correlated composite fading channels (in general, any correlated fading channel). The existence of this term explains why a correlated composite fading channel can not approach a non-fading channel (AF = 0) as N → ∞, since AF ξ1 is always lower bounded as
The case where (ρ s > 0 and ρ m ≈ 0) represents a real scenario in both wireless channels and radar scattering when the fast fading components (multipath or speckle) are uncorrelated while the slow fading (shadowing) components are correlated, the corresponding expression of the AF is
The expression in (17) indicates (i) the AF due to the multipath component will vanish as N → ∞ and the non-vanishing part (as N → ∞), as expected, is due to correlated shadowing. However, that non-vanishing part, with respect to increasing N, vanishes as m s → ∞ due to the fact that the Gamma PDF, corresponding to the shadowing component, approaches a Dirac-delta PDF as m s → ∞ so that the resulting composite fading PDF will be mainly the Gamma PDF associated with the power of the multipath fading component, and (ii) the existence of negative shadowing correlations results in reduced AF. This is further investigated in the next remark.
Remark 2: The existence of negative shadowing correlations was reported in some propagation scenarios [15] . So, it is of relevance to analytically investigate the effect of such correlations. The expression in (17) shows that negative shadowing correlation tends to decrease the non-vanishing term and increase the part of the AF that vanishes as N → ∞. The gain of the existence of negative correlations was reported in [15] .
Considering the case of N=2, the AF with negative correlations becomes
which shows that the effect of shadowing disappears for ρ s = −1 as expected. For N=3, the positive semi-definiteness (PSD) condition for a 3 × 3 correlation matrix can be expressed, using the fact that a necessary and sufficient condition for a symmetric P × P matrix, A, to be positive semidefinite is that all the possible principal minors of A are non-negative [16] , as
| 2 ≥ 0 using this inequality, the minimum possible value of ρ s is -0.5 which will also result in canceling the effect of shadowing. For N=4, it can be found, numerically, that the corresponding value is -1/3. In general, it can be proved (using [17, problem 6.2.14(b)]) that the maximum allowable value, due to the PSD constraint, is ρ s,max = −1/(N − 1), N > 1; hence ρ s,max approaches zero as N → ∞. Physically, this takes place since the AF can not be less than zero.
Note: In the expressions above, the correlation coefficients among the multipath components and the correlation coefficients among the shadowing components are not explicitly related to the multipath fading and shadowing parameters, respectively. This assumption is valid for shadowing correlations where the correlation coefficient is dependent on the distance between the receiving antennas and possibly on the angle of arrival [8] and not related to the standard deviation (m s parameter) [18] . For multipath fading, the multipath components, for geographically distributed antenna ports, are typically uncorrelated.
IV. APPROXIMATING THE PDF OF THE SUM OF IDENTICALLY DISTRIBUTED AND POSITIVELY CORRELATED GENERALIZED-K RVS
The derivation of the PDF of ξ 1 is an analytically difficult problem. As an alternative, we may consider approximating the PDF of ξ 1 by an appropriate distribution using the moment matching method. So, in this section, the approximation of the PDF of the sum of identically distributed N generalized-K RVs whose shadowing components are equally correlated by the familiar Gamma PDF is proposed. The choose of the Gamma distribution is motivated by the following (i) The Gamma PDF is a candidate for approximating the PDF of the sum of positive RVs whenever the central limit theorem is not applicable which includes the sum of correlated positive RVs, (ii) the generalized-K distribution approaches a Gamma distribution for large m m and/or m s [3] and the sum of correlated Gamma RVs has been approximated by a single Gamma RV using the moment matching method [19, 20] ; and (iii) the Gamma distribution is a tractable model that allows the derivation of closed-form expressions for the different performance metrics [21] . The other candidate approximating distributions such as the Gumbel and generalized Weibull distributions [22] are not as beneficial as the Gamma distribution.
Proposition: The PDF of the sum of N identically distributed generalized-K RVs whose shadowing components are equally correlated can be approximated, for a small number of summands, by the PDF of a Gamma RV, ξ [23] ,
whose shape and scale parameters can be expressed as
Proof: The proof is based on obtaining a Gamma PDF whose AF equals AF ξ1 . So, equating the AF of the approximating Gamma distribution to AF ξ1 as 
2 A similar approach was used in [24] to approximate, region-wise, the generalized-K PDF by a Gamma PDF. More details are given in [25] .
Furthermore, when shadowing correlations only are present, ρ i,j reduces to
which results in
VI. RESULTS AND DISCUSSIONS
In this section, results for the relevant physical scenario where the multipath components are uncorrelated and the shadowing are correlated with ρ s ≈ 0.5 are presented. The plot of the correlation coefficient, ρ i,j , as given in (13) Fig. 2 , are = 0.22 and = 0.04 for N=2 and N=4, respectively. Note: As the m s parameter increases, the correlation coefficient between the two generalized-K RVs decreases; as a consequence, the PDF of sum distribution is better approximated by the PDF of another generalized-K RV whose parameters are obtained by the moment matching method as shown in Fig. 3 .
VII. CONCLUSION
The generalized-K model has been recently proposed to model composite fading in wireless channels. Hence the knowledge the distribution of the sum of generalized-K RVs is needed for performance analysis over such channels especially for the correlated case since correlations among shadowing components occur in realistic propagation scenarios. In this paper, the expression of the amount of fading for correlated generalized-K composite fading channels is developed and the PDF of the sum of identically distributed generalized-K RVs with equally correlated shadowing components is approximated by the tractable Gamma distribution. The obtained results have shown that the PDF of the sum can be closely approximated by the PDF of a Gamma RV which highlights new insights into role of shadowing correlations in the gain of MRC in composite fading channels. 
